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Problem Statement

e Minimization of convex loss
function L

* |n parameter space, we minimize

Lof=L(f(x;0))

e |nstead, minimization of convex
loss function L in function space

—> Neural Tangent Kernel
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Background: Neural Networks

. Network function: £, : R™x R’ - R™ with f(x;0) = aP(x;0)

e Activation functions: a(l) - R x RF — R™
aV(x; 0) = x
a*D(x; 0) = WhaD(x; 6)+pbY

N

a(x; 0) = o(aV(x; 0))
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Background: Kernels

@ @
e Kernel: K : I X = | 9

« Featuremap: ¢ : X = 7 / ° /e ‘/ .' .........
K(x,2) = (), )y —/

Feature Space
 Positive-definite kernel: S A—- i 3]

(x,x") = (x, K(x, x")x")

HXH% = (X, X)g =2 0



Main Statement of Paper

* Neural Tangent Kernel for infinitely wide networks:

Ko (x, x") = Vy fx)" V, flx')
e Gradient Kernel Descent in infinite width limit:

g _ K V. L = & _ | VL2
1 e Y 1 Aotk

* Training dynamics along Neural Tangent Kernel in infinite width limit

* (Guaranteed convergence in asymptotics to global minimum
under further conditions



Consequences of Paper

 Framework to understand the training process
o Series of papers [4]:
» Calculation of Neural Tangent Kernel for various network architecture [5,6,7]

* Explanation of phenomena during training [8,9,10]



Kernel Gradient Descent

Consider a model f(x; 6) of input data x and parameters @ with loss function
L(f(x;0),y) and training data {(x;, y;) }:

dé

dr \

df do

a4 Vof ar Vof " VoL = — Vof " Vof Violk = = K VgL

=K
K= Vof" Vof =¢(N)Td(f) = (), ()

1

P(f) = Vef



Dynamics of Loss

df

dr K- VoL \

dL d

— =V, L 2 ==V, . L' KV, L
FPER (il £ £

— (VL KVipL) = = (VL Vi Lok

— 2
= = Vo Lllk
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Guaranteed Convergence

df— KV, .L
dL

A VL
d1 f(O=NIK
K=VNyf Vof

[3]

K constant over training and positive-definite
—> convergence to global minimum
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Simple Linear Example

Random function approximation

» Linear combination f of P random basis functions (f(l), ...,f(P))

 (Calculation of Gradient Kernel:

f(x;0) = Vof = K(x,x;0) =V, f(x; 6) Vy f(x; 0)

1 P

(x;:0) = 0,f7(x)
f \/F; P
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 (Calculation of Gradient Kernel:
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_ 1

1 & ]
Vo f(x) = Ve( /P Z 0,f (p)(x)) = 77 Zf(p)(x) €, = \/ﬁ(f(”(x), o fO))!
p=1 1 p=1

Vggp — ep
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Simple Linear Example

Random function approximation

» Linear combination f of P random basis functions (f(l), ...,f(P))

 (Calculation of Gradient Kernel:
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1 L @F) - @)
K(x,x) =2 (f0of®) (fO, e f ) = . :

p . . ‘
fFOOf' ) - fref ()
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Neural Tangent Kernel

» Gradient Kernel for neural networks depends on &:
« Random at initialization

» Kernel varies during training

» Linearize f(x; 8) w.r.t 6 [10]:

f(0) =~ f™0) = f(0,) + Vy (0,)(0(1) — 6,)

* In infinite width limit f(x; 6) becomes linear w.r.t & [1]




Neural Tangent Kernel

Infinite Width Limit: Initialization

o At initialization with i.i.d. Gaussian distributed parameters @, with
Lipschitz nonlinearitiy o, and in the infinite width limit as n, ..., n; — ©0

the network function f tends to a i.i.d. centered Gaussian process of
covariance L.:

|
>Dx, x) = —xTx'+ p?
g

Z(H—D(X, xX') = =~ /(0,20) [6(f(x))o(f(x))] + ﬁz

 Connection to Gaussian processes [11,12,13,14,15]
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Neural Tangent Kernel

Infinite Width Limit: Kernel at Initialization

« Under same conditions, the NTK K converges in probability to a
deterministic limiting kernel by the law of large numbers:

L L
KP - KD @ Id,
+ The scalar kernel K2 is given by
Kg)(x, 1) = TW(x, x)
L+1 N [ Ny (141 / [+1 /
KD, x) = KOG, x) 2D (x, x) + ZED G, 1)

where Z(ZH)(X, xX') = = e (0,20) [6(f(x))6(f(x))]




Neural Tangent Kernel
Infinite Width Limit: Kernel during Training

e For Lipschitz, twice differentiable nonlinearity ¢ with bound second derivative and infinite width
limit n;, ..., n; = oo the NKT K converges uniformly for ¢ € [0,T]:

KY1) - KY ® Id,

* Also, the dynamics follow the kernel gradient descent:

df
hap———
= — Ky’ Vi L

dr =

o Kgg) s positive-definite on S0~ if network depth L > 2
and nonlinearity o is non-polynomial and Lipschitz.

—> Guaranteed convergence to global minimum in asymptotic!
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Neural Tangent Kernel
Infinite Width Limit: Choices for Limit

« Made choices for getting the limit K% - KgOL) X IdnL

* |nitialization: All parameters are initialized as I.i.d Gaussians with mean
u = 0 and variance o = 1.

» Scaling:

" D(x; 0) = WhaD(x; 6)+ b

nr,
» Different initializations and scalings yield different results
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Convergence to NTK

0.40 - n=500,t=0
n =500, t =200
« Convergence on n = 10000, t=0
T 0.35 - n = 10000, t = 200
unit circle
(4) 0.30 -
* KOO (XO, X) with
0.25 A
x() — (1,())
_ 0.20 -
 Less variance for
wider network 0.15 -
0.10 A
0.05 1




Least Square Regression

Approximate f* with least square error with /NV data points from pin:

L=E o [If0) P
= 5 Exnpi X X
df
dr K VL
] & &
f) = f*+e7M(f, =), where T == 3 ¥ filbe) Kyl )

Nn, i=1 k'=1

= f* +f(0) + Z e_t’lif(i), where fy—f*=fO+ D4 4 fOm)
=1
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Least Square Regression

Nn
L - l 1 N ng
fity =f*+ O+ Z e if ) H(Hix) = N Z ka’(xi) KA, X)
=1

=1 k'=1

» Eigenvalues of 11 are decay constants 4,

 Argument for early stopping
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Kernel Regression

0.4 -

 Comparison of
Gaussian distributions

—== n=o,{P1g, Poo}

0.2 -
. Approximation for K \
and X

0.0

e For wider networks:

fo(sin(y), cos(y))

. Mean closer to K\ N %

* Lower variance Ny

—0.4 - T
Yo ?
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Convergence along principal components

 Decay of principal components:

Nn;

f=f*+ O 4 Z e~ if (D)
=1

* Trained on MNIST dataset of 1.
handwritten digits

23 f2)(x)



Convergence along principal components

 Deviation from linear
dependency on &

* Wider networks
behave more linearly

thn

[ he
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Convergence along principal components

n=100
n=1000
n=10000

_n=00

* Convergence along 2nd
principal component

e Wider networks show
exponential decay

e Narrower networks
converge faster

0.0 A

Tty y m -.-.-.'._‘-_-.-.'?m

0 500 1000 1500 2000 2500 3000 3500 4000

t
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Conclusion of Paper

* (Gradient Kernel determines training dynamics and can guarantee
convergence to global minimum

* Neural Tangent Kernel for infinite width networks

 Framework to understand training dynamics
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Critique of Paper

Pro Contra

* Analytical understanding * For wide networks, but
deep are more interesting

 General approach
 No bounds on width

e Effects also empirical
* Only fully connected feed

forward networks
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Neural Tangent Kernel Papers

Releases
This list contains papers that adopt Neural Tangent Kernel (NTK) as a main theme or core idea.

. . . No releases published
NOTE: If there are any papers I've missed, please feel free to raise an issue.

2024 Packages

No packages published

Title Venue PDF CODE

Faithful and Efficient Explanations for Neural Networks via Neural Tangent Kernel

ICLR PDF @ CODE
Surrogate Models — |

PINNACLE: PINN Adaptive ColLocation and Experimental points selection ICLR PDF -
On the Foundations of Shortcut Learning ICLR PDF -
Understanding Reconstruction Attacks with the Neural Tangent Kernel and Dataset ICLR DDF [ 4]
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Other Papers: NTK for other Architectures

cs.LG] 15 Jun 2021

3 Nov 2019

Enhanced Convolutional Neural Tangent Kernels™

Zhiyuan Li' Ruosong Wang? Dingli Yu® Simon S. Du' Wei Hul

Ruslan Salakhutdinov** Sanjeev Aroralf

Abstract

Recent research shows that for training with /5 loss, convolutional neural networks (CNNs)
whose width (number of channels in convolutional layers) goes to infinity correspond to regres-
sion with respect to the CNN Gaussian Process kernel (CNN-GP) if only the last layer is trained,
and correspond to regression with respect to the Convolutional Neural Tangent Kernel (CNTK)
if all layers are trained. An exact algorithm to compute CNTK [Arora et al., 2019] yielded the
finding that classification accuracy of CNTK on CIFAR-10 is within 6-7% of that of the corre-
- . 1 7 R T N T o Y A -~

O/ NIRN I A T 1 (N 1T 1 e
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Other Papers: Explaining convergence

On Lazy Training in Differentiable Programming

Lénaic Chizat Edouard Oyallon
CNRS, Université Paris-Sud CentraleSupelec, INRIA
Orsay, France Gif-sur-Yvette, France
lenaic.chizatQu-psud.fr edouard.oyallon@centralesupelec.fr

Francis Bach
INRIA, ENS, PSL Research University
Paris, France

francis.bach@inria.fr [1 O] [9]




Summary

 Framework for describing training process via kernel gradient

* For neural networks in infinite width limit: constant Neural Tangent Kernel

 (Guaranteed convergence to global minimum in infinite width limit under
certain conditions
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